To demonstrate availability of gamma distribution as the initial distribution of flaw size, three kinds of initial flaw size data of alumina ceramics were employed. Compared with a power function, gamma distribution was better fit to the data in every case. For practical use, an approximate expression of the initial distribution of flaw size was proposed by taking out a major part of the gamma distribution relating to the shape parameter. Finally, a positive correlation between the average fracture strength of the alumina ceramics and the shape parameter of the gamma distribution was discussed.
Introduction
Ceramic materials show intrinsic scattering in fracture strength, and therefore reliability analysis is absolutely necessary to their engineering applications. To do this in practice, fracture strength is measured with lots of specimens, and the experimental data is analyzed with Weibull distribution. This ordinary approach takes long time and needs much money under present circumstances. To overcome this problem, more economical approach has been required before now.
Fracture mechanics 1) tells us that fracture strength is predicted from fracture toughness and flaw size of fracture origin (viz. the weakest flaw size, or the largest flaw size). This suggests that the flaw size of fracture origin is also important data for reliability analysis of ceramics.
2) Matsuo et al.
3)-5) developed a theory to estimate the flaw size distribution of fracture origin (viz. the weakest flaw size distribution, or the largest flaw size distribution), based on competing risk theory (viz. multiple cause of fracture problem) and fracture location theory. According to the theory, the flaw size distribution for each cause of fracture can be obtained from transforming the corresponding fracture strength data classified by fractography. If we use the inverse transformation, we may predict the fracture strength distribution by using the largest flaw size data. However, we have already known the fracture strength itself when we identify the largest flaw on a fracture surface, because a bending test must be carried out to obtain the fracture surface usually. This must be a circular argument, and therefore we would have to say that this approach also is not more economical approach.
To return to the starting line of our discussion, we find it possible to derive the distribution of the largest flaw size, in principle, from the initial distribution of flaw size by extreme value statistics.
6) It follows that the strength distribution also can be predicted from the initial distribution of flaw size via the largest flaw size. If we succeed in this approach, we just measure the initial distribution of flaw size by observing a few intact specimens without any load. This must be a more economical reliability analysis. Based on this concept, the authors have just reported a new approach of reliability analysis to estimate the fracture strength distribution without fracture tests. 7),8) However, the relevant function to express the initial distribution of flaw size has not been fully discussed.
The present study is composed of two parts. The first part is to examine availability of gamma distribution as an adequate function to express the initial distribution of flaw size. In fact, gamma distribution was pointed out before by the authors 9) as one of candidates for the initial distribution of flaw size, however, it was checked with only one data set of alumina ceramics reported by Zhang et al. 10) Therefore, three data sets are newly employed to confirm whether gamma distribution is well fit to the initial distribution of flaw size or not.
In the second part of this study, we pay our attention to determine approximate expression of gamma distribution because gamma distribution has two parameters α and ν and its probability distribution function is an integral equation. Since we cannot generally perform its integration to have a simple form composed of elementary functions, it may be difficult to use the integral equation itself in the upcoming reliability analysis. For this reason, the approximate expression of gamma distribution is required. By taking out a major part of the gamma distribution relating to the shape parameter α, an approximate expression is newly formulated. Finally, the correlation between the fracture strength of alumina ceramics and the shape parameter of the initial distribution is discussed.
Availability of gamma distribution as the initial distribution of flaw size
As far as the authors know, transmitted light microscope technique 11) is the only method to measure the initial distribution of flaw size in ceramic materials because it enables us to conduct volumetric inspection. According to the technique, a thin specimen is prepared, and a certain amount of volume is scanned by optical microscopy. If there are flaws, transmitted light is scat-JCS-Japan tered by the difference in the refractive index and such the flaws are detected. We regard the flaw size data by this technique as the initial distribution of flaw size here.
In this study, we focus on three data sets of alumina ceramics reported by Abe et al. 12 ) Table 1 summarizes the average fracture strength , shape parameter of Weibull distribution m and fracture toughness KIC of the materials. Hereafter, these materials are abbreviated to AL1, AL2 and AL3, respectively. As for the probability density function of the initial distribution of flaw size, Zhang et al. 10) have once employed a power function as below,
, where x is flaw size , a and b are constants. So, we begin with showing the data points of AL1, AL2 and AL3 in double logarithmic plot (based on the Eq. (1)), and their regression lines are drawn in Fig. 1 . Their correlation coefficients R are also estimated as 0.943, 0.947 and 0.896, respectively. From this calculation, it is obvious that the power function is not enough to fit the flaw size data completely.
On the other hand, the authors have already proposed gamma distribution as the probability density function of the initial distribution of flaw size.
9) Here, we shall check its availability by using the three data sets. The probability density function of gamma distribution is given in the Eq. (2), (2) , where Γ(*) is gamma function, α is the shape parameter (α > 0), ν is the scale parameter (ν > 0). To obtain the best estimators of α and ν, we usually apply the maximum likelihood method.
That is to say, when we have flaw size data xi(i = 1, ···n), the likelihood function is given in the Eq. (3), .
The best estimators and can be obtained as the values of α and ν when L is maximized. Actually, the logarithm of the likelihood function lnL is used in the parameter estimation as below,
To maximize lnL, the likelihood Eqs. (5) should be solved numerically,
Here, Newton method was used for the calculation of and . The results are shown in Table 2 . Similarly, we show the data points of AL1, AL2 and AL3 in single logarithmic plot (based on the Eq. (2)), and their theoretical lines are drawn in Fig. 2 by using the best estimators and . This figure shows that all the data points are right on the theoretical lines and their correlation 
αν αν coefficients R are more than 0.999 for all cases. Therefore, the gamma distribution is a more relevant function for the initial distribution of flaw size than the power function. In other words, the best fit to the flaw size data is fairly improved by using gamma distribution, as can be seen in Fig. 2 (three data sets of alumina ceramics) and also Reference 8 (one data set of alumina ceramics) .
Approximate expression of gamma distribution
To take logarithm of the Eq. (2), we get the equation below,
By substituting the best estimators and into the Eq. (6), the each term of right hand side is evaluated as the average value over the domain of x in each sample. As can be seen in Table 3 , the first term is two orders of magnitude larger than the sum of other terms. This leads to the idea that the Eq. (6) can be approximated by the first term only. Finally, we obtain the approximate expression of the probability density function of gamma distribution as below, .
To verify this, the data points of AL1(•), AL2(○) and AL3 (△) are shown in single logarithmic plot (based on the Eq. (7)), and their theoretical lines are also drawn in Fig. 3 by using the best estimator . From this figure, all the data points are right on the theoretical lines and their correlation coefficients R are still 0.999. Actually, the accuracy is slightly decreased in higher places of decimals in R, however, the approximate expression (7) of the initial distribution of flaw size holds sufficient accuracy 4. Correlation between the average fracture strength of alumina ceramics and the shape parameter α
As stated in Chapter 3, the approximate expression of the initial distribution of flaw size is given by the Eq. (7), and the expression contains the shape parameter α only. This suggests that we should look at the correlation between the average fracture strength and the shape parameter α. influence on the fracture strength in some degree, however, from this correlation in Fig. 4 , the fracture strength seems to be mainly controlled by the shape parameter α as the first approximation.
This correlation must be useful for screening test of ceramic products because we just measure the initial distribution of flaw size at the test. In near future, the authors try to reveal the analytical relation between the shape and scale parameters (m and σ0) in Weibull distribution and the parameters α and ν in the initial distribution of flaw size.
Conclusion
In this paper, availability of gamma distribution is checked with the initial flaw size data of alumina ceramics reported by Abe et al. It turns out that the gamma distribution is well fit to the initial distribution of flaw size. By taking out the major part of gamma distribution, the approximate expression is obtained and also shows good coincidence to the data points. Furthermore, it is shown that the fracture strength and the shape parameter α have a positive correlation. 
